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Abstract

Matrix factorization (MF) is a widely used backbone for model-
ing large relational data due to its simplicity, scalability, and in-
terpretability. However, classical MF uses a single shared latent
basis, which can be overly restrictive for heterogeneous matrices.
In this paper, we propose Masked Mixture Factorization (MMF), a
lightweight yet effective MF variant that adapts to heterogeneous
interactions through instance-wise latent gating, substantially im-
proving accuracy under the same parameter budget while retaining
MF’s scalability. We provide theoretical results on MMF’s expres-
sivity and identifiability, clarifying when masking expands repre-
sentational power and when the model is recoverable. Extensive
experiments on matrix reconstruction, matrix completion, and Top-
N recommendation show consistent gains over strong baselines.

CCS Concepts

• Computing methodologies→ Factorization methods; • In-
formation systems → Recommender systems; Collaborative filter-
ing; •Mathematics of computing→ Dimensionality reduction.
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1 Introduction

Matrix factorization (MF) is a widely used workhorse for uncov-
ering low-rank structure in large relational datasets and has be-
come a core tool in large-scale data mining, including graph learn-
ing [21, 22, 32, 33, 41], time-series analysis [13, 15, 42, 43, 53], tensor
factorization [12, 18, 19, 30, 44, 45], speech and language model-
ing [10, 14, 20, 34], model compression [23, 63], and recommenda-
tion [17, 27, 28, 31, 62]. By representing the observed matrix 𝑋 as
a low-rank product 𝑈𝑉⊤, MF provides compact embeddings and
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Figure 1: Overview of Masked Mixture Factorization (MMF).

It approximates the target matrix𝑋 as a sum of𝐾 masked fac-

torization components. Starting from shared base factors 𝑈

and 𝑉 , each component 𝑘 applies instance-dependent masks

𝑀𝑈
𝑘
and𝑀𝑉

𝑘
, producing masked factors𝑈𝑘 and 𝑉𝑘 . The final

result is obtained by summing the 𝐾 masked products.

enables scalable optimization, making it a strong and practical base-
line. However, MF also makes a restrictive structural assumption: all
instances are represented using the same fixed set of latent dimen-
sions. In heterogeneous data, this global sharing can be suboptimal:
different users, items, or subpopulations may rely on different as-
pects of the latent space, and forcing every instance to use the
same basis can blur structure and hurt accuracy unless the rank is
increased substantially.

This motivates a basic question: should all instances use the same

latent dimensions to the same extent? Standard MF implicitly an-
swers “yes”—every prediction combines all dimensions through the
same bilinear mechanism. Yet, when only a subset of dimensions
is relevant for a given instance, uniformly using the entire basis
wastes capacity and blurs structure. We argue that a better induc-
tive bias is instance-wise allocation of representational capacity:
for each instance, selectively emphasize the dimensions that matter
and suppress those that do not. Such adaptive allocation should
ideally be (i) differentiable and trainable end-to-end, (ii) parameter-
efficient so that gains are not merely due to increased capacity, and
(iii) compatible with standard MF training pipelines.

In this paper, we propose MaskedMixture Factorization (MMF), a
lightweight yet effective generalization of MF that enables instance-
wise dimension selection while preserving MF’s bilinear structure
(see Figure 1). The core idea is to replace a single global factoriza-
tion with a mixture of masked factorizations. Drawing inspiration
from the Mixture-of-Experts framework [11], our approach allows
each component to use the same underlying latent factors but apply
instance-dependent masks that gate active dimensions. The final
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reconstruction is obtained by summing over the contributions from
all masked components. This design establishes a structured form
of adaptive capacity allocation: rather than requiring every instance
to express itself through the entire latent basis, MMF allows dif-
ferent instances to activate different subsets of latent dimensions—
potentially differently across mixture components—while retaining
the simplicity and scalability of factorization-based learning.

MMF occupies a distinct point in the design space of MF models.
Prior approaches often increase expressivity by adding heavy non-
linear interaction networks or extensive side information, which
complicates training and obscures the factorization structure [6, 59].
Instead, MMF directly targets the bottleneck of classical MF (i.e.,
the uniform sharing of latent dimensions) using a lightweight mask-
ing mechanism that remains optimization-friendly. Furthermore,
MMF can be instantiated under capacity-controlled settings (e.g.,
parameter budgets matched to MF), so performance gains reflect a
stronger inductive bias rather than a trivial increase in parameters.

We evaluate MMF in two complementary regimes. First, in ma-
trix reconstruction, we isolate representational power and show
that MMF achieves significantly lower reconstruction error than
strong baselines. Second, in matrix completion and Top-N recom-
mendation on standard benchmarks, MMF improves predictive
accuracy over representative completion and ranking methods. To-
gether, these results support the central hypothesis of this work:
introducing instance-wise latent dimension selection within bilin-
ear factorization substantially improves modeling of heterogeneous
matrices without sacrificing the practical advantages of MF.

We summarize our contributions as follows:
• Methodology.WeproposeMaskedMixture Factorization (MMF),
a principled extension of matrix factorization that endows each
instance with instance-specific masks to gate latent dimensions,
enabling adaptive allocation of representational capacity while
preserving the simplicity of bilinear factorization.

• Theory. We provide theoretical properties of MMF, establishing
its expressivity and identifiability, which clarify when and how
masked mixtures expand the representational power of MF and
under what conditions the model parameters are recoverable.

• Experiments. We conduct extensive experiments on matrix re-
construction, matrix completion, and Top-N recommendation,
demonstrating that MMF yields consistent performance improve-
ments over strong baselines across standard benchmarks.
Our source code and supplementary material are provided at

https://github.com/snudatalab/MMF.

2 Related Work

Matrix Factorization. Matrix factorization (MF) is a dominant
paradigm for collaborative filtering (CF) and rating prediction, built
on the low-rank assumption that user-item interactions can be
explained by a small number of latent factors. Classical approaches
include SVD-based models [50] and their practical refinements,
most notably bias-aware MF, which explicitly models user/item
biases to improve prediction quality [25]. Probabilistic perspectives
such as Probabilistic Matrix Factorization (PMF) [39] and Bayesian
extensions [48] further formalizeMF as a latent-variable model with
uncertainty modeling, while alternative likelihoods (e.g., Poisson)
have been explored to better match data characteristics [7].

A key limitation of standard MF is often overlooked: it offers no
explicit mechanism for instance-wise selection of latent dimensions.
Most variants retain a single global latent space and rely on reg-
ularization or larger rank to cope with heterogeneity, leaving the
question of selective dimension usage largely unaddressed. Local
low-rank methods such as LLORMA [29] partially mitigate this
by combining multiple local factorizations to better fit heteroge-
neous regions. However, they do not directly realize instance-level
dimension gating within a single model. Furthermore, they typi-
cally require maintaining multiple local models and partitioning
schemes, adding complexity without addressing the core issue.

Neural and Adaptive Alternatives. Beyond linear factoriza-
tion, a second major line of work replaces or augments MF with
neural architectures. Early influential methods include RBM-based
CF, which demonstrated strong performance but can be costly to
train due to intractable inference, motivating more tractable neural
constructions [49]. Autoencoder-basedmodels such as AutoRec [51]
and other neural interaction models (e.g., replacing inner products
by feed-forward networks) have also been studied as scalable non-
linear alternatives [9]. Autoregressive formulations provide another
neural route: CF-NADE [66] adapts NADE-style parameter sharing
to collaborative filtering, handling variable-length user histories.

More recently, attention mechanisms (e.g., SASRec, BERT4Rec)
have become the state-of-the-art for sequential recommendation,
leveraging self-attention to dynamically weight relevant history
items [16, 54]. Conceptually, attention offers adaptivity: it allows
the model to focus on different information for different queries.
However, these models often rely on heavy matrix multiplications
and deep architectures, sacrificing the transparency and training ef-
ficiency of bilinear models. MMF occupies a unique middle ground:
it achieves the adaptive capacity allocation characteristic of atten-
tion mechanisms but does so through a lightweight, element-wise
masking operation that preserves the scalability of MF.

Matrix Completion. Matrix completion generalizes rating pre-
diction to the recovery of missing entries in partially observed ma-
trices and has been approached through a wide range of techniques,
including (i) low-rank factorization families (MF/PMF/Bayesian
variants and their extensions), (ii) approaches that exploit side in-
formation about users/items, and (iii) graph-based formulations that
treat observed interactions as edges in a user-item graph [1, 39, 48].

Recent work on matrix completion increasingly leverages graph
neural networks (GNNs) by viewing the rating matrix as a heteroge-
neous graph and casting prediction as link regression/classification.
Representative models such as GC-MC [56] learn node embeddings
and decode ratings, while inductive variants aim to generalize to
unseen users/items by learning transferable local graph patterns
[65] or by using graph autoencoder formulations [52]. In parallel,
IDCF [60] proposes an inductive, model-based CF framework that
generates embeddings for new users by leveraging relations to a set
of key users. Finally, recent systems such as MoRGH [67] further ex-
plore recommendation on heterogeneous graphs by incorporating
multiple relation types within a GNN framework.

These graph-based methods can be effective when high-quality
side information is available, but they often introduce additional
modeling and data requirements (feature engineering and graph
construction). In contrast, MMF targets heterogeneity within the
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factorization itself through instance-wise latent dimension gating
while preserving MF’s simplicity and scalability.

Positioning MMF against mixture and local MF models.

MMF is related to mixture-of-experts and local low-rank factoriza-
tion in that it relaxes the rigid global-sharing assumption of MF.
However, MMF differs in its shared-basis latent gating design: all
components reuse the same base factors𝑈 and𝑉 , and instance-wise
masks modulate how each row or column uses the shared latent
coordinates. In contrast, local MF and ensemble-style approaches
typically maintain multiple independent models, experts, or metric
spaces, which may duplicate shared structure and require partition-
ing, anchor selection, or model aggregation. MMF therefore targets
a different trade-off: it increases flexibility through coordinate-wise
soft gating while preserving a single compact bilinear factorization.

3 Proposed Method

We propose Masked Mixture Factorization (MMF), a lightweight
yet expressive generalization of matrix factorization (MF). MMF
substantially increases the expressivity of MF while preserving
MF’s efficient bilinear structure. A central limitation of standard
MF is its rigid global sharing: all instances are represented in the
same latent coordinate system and must rely on the same set of
latent dimensions. In heterogeneous data, however, the useful latent
dimensions can vary drastically across rows and columns.

Our key idea is to enable instance-wise dimension emphasis—
i.e., to adaptively highlight or suppress latent dimensions for each
instance—so that a limited parameter budget is allocated where it is
most effective. Specifically, MMF is built on two design principles:
(1) Mixture of masked factorizations (Section 3.1). Instead of a

single global factorization, we approximate the target matrix by
a sum of 𝐾 masked factorization components. Each component
shares base latent factors but applies instance-dependent masks
to activate different subsets of dimensions. This preserves MF’s
bilinear structure while avoiding unnecessary global sharing.

(2) Efficient mask parameterization (Section 3.2). Naïvely learn-
ing a full mask matrix per component is prohibitively expen-
sive and undermines MF’s efficiency and interpretability. We
therefore restrict masks to a predefined, differentiable function
family and parameterize them with a small number of learnable
parameters, enabling efficient training and clear semantics.

3.1 Mixture of Masked Factorizations

Let𝑋 ∈ R𝐼× 𝐽 . Standard MF approximates𝑋 by𝑈𝑉⊤ with𝑈 ∈ R𝐼×𝑅

and 𝑉 ∈ R𝐽 ×𝑅 . In contrast, MMF represents 𝑋 as a sum of masked
components:

𝑋 ≈
∑︁𝐾

𝑘=1
(𝑈 ⊙ 𝑀𝑈

𝑘
) (𝑉 ⊙ 𝑀𝑉

𝑘
)⊤, (1)

where 𝑈 ∈ R𝐼×𝑅 and 𝑉 ∈ R𝐽 ×𝑅 are base latent factor matrices,
𝑀𝑈
𝑘

∈ R𝐼×𝑅 and 𝑀𝑉
𝑘

∈ R𝐽 ×𝑅 are the 𝑘-th mask matrices, and ⊙
denotes element-wise multiplication. Here 𝑅 is the latent dimen-
sion (rank of the base factors), and 𝐾 is the number of masked
components.

This formulation admits a natural interpretation. For each com-
ponent 𝑘 , the masks 𝑀𝑈

𝑘
and 𝑀𝑉

𝑘
modulate the effective latent

dimensions of 𝑈 and 𝑉 in an instance-specific manner: some di-
mensions are emphasized, others are suppressed. The product

(𝑈 ⊙ 𝑀𝑈
𝑘
) (𝑉 ⊙ 𝑀𝑉

𝑘
)⊤ forms a single specialized factorization com-

ponent, and the sum over 𝑘 ∈ [𝐾] ≔ {1, . . . , 𝐾} aggregates such
components to approximate 𝑋 . Thus, MMF realizes a structured
form of adaptive capacity allocation: different instances can utilize
different subsets of latent dimensions, while retaining a bilinear
factorization backbone.

3.2 Efficient Mask Parameterization

A crucial requirement is that the masking mechanism must remain
lightweight. Learning each mask 𝑀𝑈

𝑘
, 𝑀𝑉

𝑘
as a free matrix would

significantly increase the parameter count by O(𝐾 (𝐼𝑅 + 𝐽𝑅)), slow
down training, and obscure interpretability. To avoid these issues,
we parameterize masks using row-wise shift parameters combined
with a predefined differentiable mask function family.

Specifically, for each 𝑘 ∈ [𝐾] = {1, . . . , 𝐾}, we define the mask
matrices𝑀𝑈

𝑘
∈ R𝐼×𝑅 and𝑀𝑉

𝑘
∈ R𝐽 ×𝑅 by

𝑀𝑈
𝑘
(𝑖, 𝑟 ) = 𝑓 𝑈

𝑘
(𝑟 ; 𝑠𝑈

𝑘,𝑖
), 𝑖 ∈ [𝐼 ], 𝑟 ∈ [𝑅],

𝑀𝑉
𝑘
( 𝑗, 𝑟 ) = 𝑓 𝑉

𝑘
(𝑟 ; 𝑠𝑉

𝑘,𝑗
), 𝑗 ∈ [𝐽 ], 𝑟 ∈ [𝑅],

(2)

where 𝒔𝑈
𝑘

∈ R𝐼 and 𝒔𝑉
𝑘

∈ R𝐽 are learnable row-wise shifts, and
𝑓 𝑈
𝑘
(·; ·), 𝑓 𝑉

𝑘
(·; ·) are predefined differentiable mask functions. In

our default implementation, we instantiate Eq. (2) using a shared
base function 𝑓 : R → R and a simple multi-scale parameterization:

𝑓𝑘 (𝑟 ; 𝑠) =
1
𝐾
𝑓

(
𝑘

𝐾
(𝑟 − 𝑠)

)
, 𝑘 ∈ [𝐾] . (3)

The factor 1/𝐾 keeps the scale of the summed mixture compara-
ble across 𝐾 , while the scale 𝑘

𝐾
encourages diversity by producing

masks with different effective widths, enabling coarse-to-fine di-
mension gating without extra parameters. Here, 𝑓 can be instanti-
ated with common smooth families (e.g., Gaussian), and we quantify
how different choices of 𝑓 affect performance in Section 5.5.

Under this view, the base function 𝑓 determines the shape of em-
phasis/suppression along 𝑟 , while the shift 𝑠 determines where each
instance places that emphasis. For example, a sigmoid-shaped mask
induces a monotone transition with 𝑠 controlling the boundary,
whereas a Gaussian-shaped mask emphasizes a localized region
with 𝑠 controlling the center. Figure 2 provides an intuitive example.

Note that classical MF is invariant to permutations and rotations
of latent dimensions; for example, permuting the columns of 𝑈
and 𝑉 does not change 𝑈𝑉⊤. Thus, the ordered index 𝑟 in Eq. (3)
should not be viewed as assuming a fixed semantic order in the
true latent space. Instead, MMF imposes a soft locality bias on the
learned latent coordinate system: because𝑈 , 𝑉 , and the shifts are
optimized jointly, the model can organize latent dimensions so that
smooth masks become useful for instance-wise capacity alloca-
tion. Moreover, this bias is not a hard contiguous-block constraint,
since multiple masked components can jointly emphasize different
regions of the latent space.

A defining advantage of MMF is that it achieves substantially
higher representational capacity under a limited parameter budget.
In standard MF, the learnable parameters are the factor matrices 𝑈
and 𝑉 , totaling (𝐼 + 𝐽 )𝑅. In MMF, the base factors still contribute
(𝐼 + 𝐽 )𝑅 parameters, and the shift parameters add (𝐼 + 𝐽 )𝐾 learnable
scalars through 𝒔𝑈

𝑘
, 𝒔𝑉
𝑘
for 𝑘 = 1, . . . , 𝐾 . Thus, the total number of

trainable parameters of MMF is (𝐼 + 𝐽 ) (𝐾 + 𝑅).
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Figure 2: Illustration of the mask matrices when the mask

function 𝑓 (·) is chosen to have a Gaussian shape. Each col-

umn corresponds to a mixture component 𝑘 = 1, 2, . . . , 𝐾 ,
and each horizontal ridge curve corresponds to one instance.

Along the latent dimension axis, the Gaussian peak indicates

the region of latent dimensions that is emphasized for that

instance. The location of the peak varies across instances

and components via learned shift parameters, showing how

MMF enables instance-wise selection of different latent sub-

spaces and combines multiple such masked components to

represent heterogeneous structure.

Although MMF uses more parameters than rank-𝑅 MF due to
the additional shifts, it remains highly parameter-efficient relative
to the expressivity it gains. As shown in Theorem 1, the masked
mixture form in Eq. (1) generically attains effective rank on the order
of 𝐾𝑅, i.e., it can represent matrices that would typically require
rank 𝐾𝑅 under classical factorization. Achieving rank 𝐾𝑅 with
standard MF would require (𝐼 + 𝐽 )𝐾𝑅 parameters, which is much
larger than (𝐼 + 𝐽 ) (𝐾 + 𝑅) when 𝐾, 𝑅 ≫ 1. Hence, MMF amplifies
expressivity without proportionally increasing parameters, yielding
a more efficient use of modeling capacity.

Regarding optimization, MMF preserves the simplicity of MF
training. Once the mask functions 𝑓 𝑈

𝑘
, 𝑓 𝑉
𝑘

are chosen to be differen-
tiable, the full model is differentiable with respect to both the factor
matrices 𝑈 ,𝑉 and the shift parameters {𝒔𝑈

𝑘
, 𝒔𝑉
𝑘
}𝐾
𝑘=1. Consequently,

MMF can be trained end-to-end using standard gradient-based opti-
mization under the same objectives as MF, with modest additional
overhead compared to baseline MF.

4 Theoretical Analysis

We analyze two key theoretical properties of MMF that under-
pin its empirical gains. First, it significantly expands expressivity:
while standard MF is bounded by rank 𝑅, our approach generically
achieves rank 𝐾𝑅 with a similar budget, facilitating higher-fidelity
modeling (Section 4.1). Second, MMF improves identifiability by
using element-wise masking to break the rotational symmetries
inherent in classical MF. Eliminating equivalent parameterizations
yields a better-conditioned training objective, reducing drift along
flat directions (Section 4.2).

4.1 Expressivity

We provide a simple yet strong expressivity guarantee for MMF.
While standard MF with rank 𝑅 produces outputs of rank at most 𝑅,
MMF generically achieves rank up to 𝐾𝑅. Concretely, under mild
regularity and a mask linear-independence condition, MMF attains
the maximal feasible rank for almost all parameter choices.

Notation.MMF parameterizes an 𝐼 × 𝐽 matrix using base factors
𝑈 ∈ R𝐼×𝑅 , 𝑉 ∈ R𝐽 ×𝑅 , and 𝐾 masks per side. For parameters 𝜃 in a
domain Θ ⊆ R(𝐼+𝐽 ) (𝐾+𝑅) , define

𝑈𝑘 (𝜃 ) ≔ 𝑈 (𝜃 ) ⊙ 𝑀𝑈
𝑘
(𝜃 ), 𝑉𝑘 (𝜃 ) ≔ 𝑉 (𝜃 ) ⊙ 𝑀𝑉

𝑘
(𝜃 ),

and the MMF output

(4)𝑋 (𝜃 ) ≔
∑︁𝐾

𝑘=1
𝑈𝑘 (𝜃 )𝑉𝑘 (𝜃 )⊤ .

Denote concatenations
𝑈cat (𝜃 ) ≔

[
𝑈1 (𝜃 ) · · · 𝑈𝐾 (𝜃 )

]
∈ R𝐼×𝐾𝑅,

𝑉cat (𝜃 ) ≔
[
𝑉1 (𝜃 ) · · · 𝑉𝐾 (𝜃 )

]
∈ R𝐽 ×𝐾𝑅,

so that
𝑋 (𝜃 ) = 𝑈cat (𝜃 )𝑉cat (𝜃 )⊤ . (5)

Hence, rank(𝑋 (𝜃 )) ≤ min{𝐼 , 𝐽 , 𝐾𝑅} for all 𝜃 .

Theorem 1. Let Θ be a connected open set and define 𝑋 (𝜃 ) by
Eq. (5). Assume the following two conditions hold.

(C1) Analytic parameterization: All entries of 𝑈 (𝜃 ), 𝑉 (𝜃 ), and
{𝑀𝑈

𝑘
(𝜃 )}𝐾

𝑘=1, {𝑀
𝑉
𝑘
(𝜃 )}𝐾

𝑘=1 are real-analytic functions of 𝜃 ∈ Θ.

(C2) Linearly independent shift masks: Under the shift-mask form

in Eq. (2), for each fixed 𝑟 ∈ [𝑅] the family {𝑠 ↦→ 𝑓 𝑈
𝑘
(𝑟 ; 𝑠)}𝐾

𝑘=1
is linearly independent on an open interval S ⊂ R, and the

same holds for {𝑠 ↦→ 𝑓 𝑉
𝑘
(𝑟 ; 𝑠)}𝐾

𝑘=1.

Then, for Lebesgue-almost every 𝜃 ∈ Θ,

rank
(
𝑋 (𝜃 )

)
=min{𝐼 , 𝐽 , 𝐾𝑅}.

In particular, rank(𝑋 (𝜃 )) = 𝐾𝑅 for almost all 𝜃 if 𝐾𝑅 ≤ min{𝐼 , 𝐽 }.

Proof. See Appendix A. □

Theorem 1 shows that MMF generically lifts the attainable rank
from 𝑅 to𝐾𝑅. Note that the required conditions are mild. Intuitively,
(C1) just requires that the model parameters change smoothly with
𝜃 , ruling out pathological non-smooth or discontinuous param-
eterizations, and (C2) rules out degenerate mask choices where
different components behave identically; as long as the𝐾 masks are
not redundant copies, the condition holds. In the supplementary
material, we verify (C2) for several canonical choices of the base
mask (trigonometric, Gaussian, and logistic sigmoid), and the same
template can be used to check additional smooth mask families.

4.2 Identifiability

A central challenge in matrix factorization is non-identifiability:
many distinct parameter tuples can generate the same reconstructed
matrix. This ambiguity is particularly severe for classical MF due
to its continuous rotation symmetry. In standard MF, 𝑋 =𝑈𝑉⊤ is
invariant under the action of any invertible matrix𝑄 ∈ GL𝑅 , where
GL𝑅 denotes the set of invertible matrices of size 𝑅 × 𝑅:

𝑈𝑉⊤ = (𝑈𝑄) (𝑉𝑄−⊤)⊤ .
Hence, around any solution there exists a continuum of equivalent
factorizations [4, 36].
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In contrast, MMF reconstructs 𝑋 as a sum of masked bilinear
terms. Because masking is applied element-wise before the bilinear
product, the MF invariance does not carry over. In Theorem 2,
we formalize this by showing that MMF generically admits no
infinitesimal non-diagonal rotations of the latent basis.

Notation. Fix a parameter point 𝜃 and abbreviate

𝑈 ≔ 𝑈 (𝜃 ), 𝑉 ≔ 𝑉 (𝜃 ), 𝑈𝑘 ≔ 𝑈𝑘 (𝜃 ), 𝑉𝑘 ≔ 𝑉𝑘 (𝜃 ) .
Consider the change of basis (𝑈 ,𝑉 ) ↦→ (𝑈𝑄,𝑉𝑄−⊤) while keeping
masks fixed. Define the resulting mapping

(6)𝑋𝜃 (𝑄) ≔
∑︁𝐾

𝑘=1

(
(𝑈𝑄) ⊙ 𝑀𝑈

𝑘

) (
(𝑉𝑄−⊤) ⊙ 𝑀𝑉

𝑘

)⊤
.

We say MMF admits an infinitesimal non-diagonal rotation at 𝜃
if there exists a differentiable function 𝑄 : R≥0 → GL𝑅 with
𝑄 (0) = 𝐼𝑅 (identity),𝑄 ′ (0) having a nonzero off-diagonal entry, and
𝑋𝜃 (𝑄 (𝑡)) constant for all sufficiently small 𝑡 ≥ 0. In other words,
this means that we can slightly mix different latent dimensions (a
non-diagonal “rotation”) without changing the output 𝑋𝜃 .

Theorem 2. Let 𝐾 ≥ 2 and 𝐼 , 𝐽 ≥ 𝑅. Assume that the MMF

parameterization is real-analytic. For each 𝜃 , define the linear map

L𝜃 : {𝐶 ∈ R𝑅×𝑅 : diag(𝐶) = 0} → R𝐼× 𝐽 ,

L𝜃 (𝐶) ≔
𝑑

𝑑𝑡
𝑋𝜃 (exp(𝑡𝐶))

����
𝑡=0

.

Assume that the mask family is non-degenerate in the sense that there

exists 𝜃0 such that L𝜃0 is injective. Then, for Lebesgue-almost every

𝜃 , MMF does not admit infinitesimal non-diagonal rotations. Thus,

except for scaling each latent dimension (i.e.,𝑈 → 𝑈𝐷, 𝑉 → 𝑉𝐷−1

with diagonal 𝐷), there is no local freedom that keeps 𝑋𝜃 unchanged.

Proof. See Appendix B. □

Theorem 2 shows that MMF removes the continuous rotational
symmetry of standard MF by ruling out infinitesimal non-diagonal
rotations. The elimination of these parameter redundancies results
in a more constrained and well-defined parameter space. Such a
formulation stabilizes the training process by preventing gradient
drift among redundant, equivalent solutions. We further support
this claim with empirical evaluation in Section 5.8.

Regarding the non-degeneracy condition, the assumption is mild
in practice; it simply requires the mask family to be rich enough to
detect off-diagonal perturbations, which typically holds for com-
mon real-analytic functions. For completeness, the supplementary
material details a concrete instantiation that verifies the injectivity.

5 Experiments

We design experiments to answer the following questions:
Q1 Reconstruction Performance (Section 5.2). Does MMF

yield higher reconstruction accuracy than strong MF baselines
under a matched parameter budget?

Q2 Matrix Completion Performance (Section 5.3). Does MMF
improve rating prediction accuracy on real-world benchmarks
compared to strong baselines?

Q3 Recommendation Performance (Section 5.4). Does MMF
remain effective for Top-N recommendation under ranking-
based evaluation?

Table 1: Datasets for the matrix reconstruction task.

Dataset Type Size Density Description

{S𝑛 }10𝑛=6 Synthetic 2𝑛 × 2𝑛 1 Random Dense
{H𝑏 }6𝑏=2 Synthetic 1080 × 1080 𝑏−1 Block-Diagonal

Yale-B1 Real 2016 × 2414 1 Face Images
Reuters2 Real 2000 × 3000 0.007 Text Documents
1https://vision.ucsd.edu/datasets
2https://archive.ics.uci.edu/dataset/137/

Table 2: Datasets for the matrix completion task.

Dataset # Users # Items # Ratings Density

Flixster1 3,000 3,000 26,173 0.0029
Douban1 3,000 3,000 136,891 0.0152
ML-100K2 943 1,682 100,000 0.0630
ML-1M2 6,040 3,706 1,000,209 0.0447
ML-10M2 69,878 10,677 10,000,054 0.0134

1https://github.com/muhanzhang/IGMC
2https://grouplens.org/datasets/movielens

Q4 Ablation Study (Section 5.5). How do mask-related hyper-
parameters impact the performance of MMF?

Q5 Running Time (Section 5.6). How fast is MMF in practice
compared to MF and recent deep learning methods?

Q6 Expressivity and Identifiability (Sections 5.7–5.8). Does
MMF increase effective rank while yielding more stable and
identifiable latent factors than standard MF?

5.1 Experiment Settings

Datasets. To ensure task-appropriate evaluation, we assess recon-
struction on dense and sparse matrices and matrix completion
on standard rating datasets. For the reconstruction task, we use
both synthetic and real data described in Table 1: random matri-
ces {S𝑛 ∈ R2𝑛×2𝑛 }10

𝑛=6 generated from a standard normal distri-
bution, and block-diagonal matrices {H𝑏 ∈ R1080×1080}6

𝑏=2, where
each H𝑏 is constructed by partitioning indices into 𝑏 contiguous
groups of size𝑚 = 1080/𝑏 and placing 𝑏 disjoint random blocks
𝐵1, . . . , 𝐵𝑏 ∈ R𝑚×𝑚 on the diagonal, mimicking 𝑏 communities
whose interactions depend on different latent subspaces. We also
evaluate reconstruction on two real-world matrices: Yale-B (a face-
image matrix) [5] and Reuters (a document-term matrix) [35].
These datasets are selected to test the model’s capability to capture
two distinct types of structural heterogeneity: non-linear visual
variations and semantic sparsity.

For the matrix completion task, we evaluate rating prediction on
five benchmarks described in Table 2; for Flixster and Douban, we
use the preprocessed versions of [40]. On MovieLens, all methods
are trained on 90% of observed ratings and tested on the remaining
10%. For Top-N recommendation, we additionally evaluate MMF
on ML-1M with a BPR loss and standard Recall/NDCG metrics.

Baselines. We evaluate MMF against a comprehensive set of
baselines. For reconstruction, we compare with SVD and MF vari-
ants (SGD, ridge, and Bias MF). For matrix completion, we include
classical methods (PMF, SVD++, Bias MF, and LLORMA), neural
approaches (RBM, AutoRec, NNMF, and CF-NADE), and graph-
based models (sRMGCNN, GC-MC, STAR-GCN, IGMC, IDCF-GC,
IMC-GAE, GHRS, and MoRGH). For Top-N recommendation, we
compare with BPRMF, NeuMF, NGCF, LightGCN, and SGL.

https://vision.ucsd.edu/datasets
https://archive.ics.uci.edu/dataset/137/
https://github.com/muhanzhang/IGMC
https://grouplens.org/datasets/movielens
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(j) H6

Figure 3: Reconstruction performance on synthetic matrices under matched parameter budgets. Across all scenarios, MMF

achieves significantly lower reconstruction error than MF-based baselines, and notably outperforms SVD.

Detailed experimental configurations and hyperparameter settings
are provided in the supplementary material.

5.2 Reconstruction Performance

We evaluate representational power in a controlled setting by mea-
suring reconstruction accuracy. The goal is to isolate how effectively
each method uses a given parameter budget to approximate a target
matrix. For each synthetic dataset S𝑛 and H𝑏 , we fit all methods to
minimize the standard squared reconstruction loss. The parameter
budget is held constant across baselines via the following scheme:
under a total budget (𝐼 + 𝐽 )𝐵 for an input 𝑋 ∈ R𝐼× 𝐽 ,

• SVD / MF-Ridge / MF-SGD: use rank 𝑅 = 𝐵.
• MF-Bias: uses rank 𝑅 = 𝐵 − 1 to account for the additional
user/item bias parameters.

• MMF: with 𝐾 masks, we reduce the base rank to 𝑅 = 𝐵 − 𝐾 .

Figure 3(a)–(e) shows that across all matrices S6–S10, MMF con-
sistently achieves substantially lower reconstruction error than the
baselines. Notably, this improvement persists even when compar-
ing against SVD, which is the optimal rank-𝐵 approximation in the
fully observed case. This indicates that the advantage of MMF is
not merely optimization-related: by relaxing the uniform global-
sharing constraint, MMF better represents structures that a single
factorization cannot capture under the same budget.

The performance gap becomes more pronounced on the hetero-
geneous matrices H2–H6, and the advantage of MMF grows as the
number of blocks increases (Figure 3(f)–(j)). This trend is expected:
as heterogeneity increases, a single global latent basis must simul-
taneously explain multiple distinct substructures, leading to a mis-
match that is alleviated only by increasing rank. In contrast, MMF
allocates capacity adaptively through multiple masked components
(for an empirical analysis supporting this claim, see Section 5.7).

Table 3: Reconstruction error on real data (relative Frobenius

error). MMF outperforms SVD under matched parameter

budgets. Improvement indicates the relative reduction in

error compared to SVD: (ErrorSVD − ErrorMMF)/ErrorSVD.
Dataset Budget 𝐵 SVD MMF Improvement

(proposed)

Yale-B

10 0.3902 0.3616 7.32%
20 0.3334 0.2969 10.9%
30 0.3004 0.2640 12.1%
40 0.2770 0.2374 14.3%
50 0.2586 0.2166 16.2%
60 0.2436 0.1994 20.2%

Reuters

20 0.9256 0.8584 7.26%
40 0.8907 0.7395 17.0%
60 0.8627 0.6428 25.5%
80 0.8383 0.5718 31.8%
100 0.8165 0.5169 36.7%
120 0.7964 0.4751 40.3%

As a result, MMF captures multiple coexisting low-rank patterns
while maintaining a parameter budget comparable to standard MF.

To validate that these findings translate to natural data distribu-
tions, we conduct additional reconstruction experiments on real-
world benchmarks. Table 3 summarizes the reconstruction perfor-
mance; MMF consistently achieves lower reconstruction error than
SVD across various rank budgets on both datasets. This perfor-
mance advantage can be attributed to MMF’s inductive bias, which
is tailored to the data characteristics.

The gains on the real matrices reflect different types of instance
heterogeneity. On Yale-B, lighting changes create image-specific
shadows and local high-contrast variations; instead of representing
all images through one static linear basis, MMF can gate latent
dimensions according to the illumination pattern of each image. On
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Table 4: Matrix completion results (RMSE). Best and second-

best are marked in bold and underlined, respectively; O.O.M.

denotes out-of-memory. MMF results are averaged over five

runs (the standard deviations are ≤ 0.001 in all cases). MMF

achieves competitive performance compared with state-of-

the-art models despite using no side information.

Method Flixster Douban ML-100K ML-1M ML-10M

PMF [39] - 0.737 0.932 0.883 -
RBM [49] - - - 0.854 0.825
SVD++ [24] - - 0.903 0.856 -
BiasMF [25] 0.945 0.758 0.917 0.845 0.803
LLORMA [29] - - - 0.833 0.782
AutoRec [51] - - - 0.831 0.782
NNMF [3] - 0.729 0.907 0.843 -
CF-NADE [66] - - - 0.829 0.771
sRMGCNN [40] 0.926 0.801 0.929 0.865 0.833
★GC-MC [56] 0.917 0.734 0.905 0.832 0.777
★STAR-GCN [64] 0.879 0.727 0.895 0.832 0.770
IGMC [65] 0.872 0.721 0.905 0.857 O.O.M.
★IDCF-GC [60] 0.910 0.733 0.893 0.835 O.O.M.
IMC-GAE [52] 0.884 0.721 0.897 0.829 O.O.M.
★GHRS [2] - - 0.887 0.833 -
★MoRGH [67] - - 0.881 0.827 -

MMF (proposed) 0.898 0.726 0.884 0.827 0.769

★ denotes methods using side information.

Reuters, documents are semantically sparse and typically cover
only a few topics; masking helps allocate capacity to document-
specific topic regions and reduces the semantic smearing that can
occur when all latent dimensions are uniformly active. These results
indicate that the benefits of MMF extend beyond synthetic settings
to natural data with visual and semantic heterogeneity.

5.3 Matrix Completion Performance

We further evaluate MMF on rating prediction tasks to validate
whether its inductive bias translates to improved generalization
on real-world benchmark datasets. Table 4 summarizes the RMSE
results. MMF consistently improves over standard MF baselines
and remains competitive with recent neural and graph-based ap-
proaches. In particular, MMF obtains the best result on ML-1M and
ML-10M, and the second-best result on ML-100K and Douban; it
also scales to ML-10M, where several recent graph-based models
are not reported due to computational overhead.

A key point is that MMF achieves these results while operating
only on the interaction matrix. As indicated in Table 4, methods
such as STAR-GCN, IDCF-GC, GHRS, and MoRGH exploit side
information or graph structures, and graph-based models can be
particularly advantageous on extremely sparse datasets such as
Flixster [46, 61]. By contrast, MMF is a pure CF model that pre-
serves the MF backbone and introduces only lightweight latent-
coordinate masking. Thus, MMF provides a compact MF-style alter-
native that closes much of the gap to more complex architectures
without graph construction, message passing, or external features.

We attribute the gains to MMF’s ability to handle instance het-
erogeneity under a limited parameter budget. Standard MF forces
all users and items to share the same set of active latent dimen-
sions, which creates a trade-off between underfitting complex users

Table 5: Top-N recommendation results on ML-1M. MMF

is trained with the BPR loss and remains competitive with

strong graph and self-supervised ranking baselines.

Method Recall@10 NDCG@10 Recall@20 NDCG@20

BPRMF [47] 0.1745 0.2410 0.2624 0.2516
NeuMF [9] 0.1525 0.2183 0.2352 0.2285
NGCF [57] 0.1761 0.2467 0.2677 0.2576
LightGCN [8] 0.1782 0.2501 0.2699 0.2606
SGL [58] 0.1804 0.2535 0.2732 0.2644

MMF (proposed) 0.1807 0.2530 0.2742 0.2647

and overfitting noisy observations. MMF relaxes this constraint
by allowing different rows and columns to emphasize different
subsets of a shared latent basis. This instance-wise capacity alloca-
tion improves rating prediction while retaining the simplicity and
scalability of classical factorization.

5.4 Recommendation Performance

We also evaluate MMF under Top-N ranking metrics, which are
widely used in practical recommender systems and complement
the RMSE-based rating prediction results. For this setting, we train
MMF with the Bayesian Personalized Ranking (BPR) loss and evalu-
ate Recall@10, NDCG@10, Recall@20, and NDCG@20 on ML-1M.

Table 5 shows that MMF performs competitively against repre-
sentative rankingmodels, including graph-based and self-supervised
recommenders. The comparison is informative because the strongest
baselines use mechanisms beyond standard MF: LightGCN and
NGCF exploit graph propagation, while SGL further leverages self-
supervised contrastive learning. Despite using a simpler MF-style
predictor, MMF slightly outperforms SGL on Recall@10, Recall@20,
and NDCG@20, and is only marginally behind on NDCG@10. This
suggests that instance-wise latent gating is useful not only for
predicting explicit ratings but also for ranking unobserved items.

Note that these results should be interpreted as evidence of
recommendation effectiveness rather than as a claim that MMF
is a specialized ranking architecture. The current ranking version
uses a straightforward BPR objective without graph augmentation,
contrastive learning, or sequence modeling, suggesting that the
MMF parameterization itself provides a useful inductive bias.

5.5 Ablation Study

We conduct ablation studies to isolate which design choices are
responsible for MMF’s gains.

Mask family. We compare multiple mask function families, in-
cluding smooth (sine, Gaussian), monotone (sigmoid, tanh), and
non-smooth (triangle) ones. Figure 4 confirms that smooth masks
consistently yield the strongest results, whereas monotone or non-
smooth masks typically underperform. Notably, the optimal choice
depends on data structure: on the random dense matrix S10, sinu-
soidal masks perform the best, likely because they can periodically
emphasize and suppress latent dimensions; in contrast, on the het-
erogeneous matrix H6, Gaussian masks dominate, consistent with
their ability to focus on localized regions of the latent space.

This behavior aligns with the intended role of masks: MMF em-
phasizes some latent dimensions while suppressing others. Gauss-
ian and sinusoidal families yield localized or structured emphasis
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(a) S10 (𝐾/𝐵 = 0.6)
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(b) H6 (𝐾/𝐵 = 0.4)
Figure 4: Effect of mask families on MMF’s performance.

Smooth localized or oscillatory masks demonstrate advan-

tages over strictly monotone or non-differentiable families.
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(a) S10 (mask= sine)
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(b) H6 (mask= Gaussian)

Figure 5: Impact of mask count on performance under a fixed

parameter budget. The optimal balance between mask count

𝐾 and base rank 𝐵 −𝐾 shifts depending on the data structure.

patterns, enabling fine-grained instance-specific gating. Monotone
masks can separate dimensions into “early vs. late” groups, but their
monotonicity is restrictive; non-smooth masks can also hinder op-
timization.

Number of masks. We vary 𝐾 while keeping the total parame-
ter budget fixed at (𝐼 + 𝐽 )𝐵. Since allocating capacity to 𝐾 masks
consumes (𝐼 + 𝐽 )𝐾 , the remaining parameters support a base rank
of 𝑅 = 𝐵 − 𝐾 . According to Theorem 1, the expressive rank scales
as 𝐾𝑅 = 𝐾 (𝐵 − 𝐾), which is theoretically maximized at 𝐾 ≈ 𝐵/2.
Figure 5 reveals that the empirical optimum shifts depending on
data characteristics. On the random dense matrix S10, the perfor-
mance peaks at a slightly higher 𝐾 , suggesting that differentiating
complex patterns requires greater combinatorial flexibility from
the masks. Conversely, on the heterogeneous matrix H6 with clear
community structures, a smaller 𝐾 suffices to isolate latent regions;
thus, allocating more budget to the base rank yields better results.

5.6 Running Time

To evaluate the computational efficiency of MMF, we conduct (i)
scalability tests on synthetic matrices and (ii) end-to-end runtime
benchmarks on real-world datasets. For the synthetic study, we fix
𝐵 = 40 and measure per-epoch runtime while varying both the
matrix size and the number of masks. Table 6 confirms that MMF
maintains comparable runtime to MF baselines. This is because
MMF preserves the MF structure and primarily adds element-wise
masking and a sum over𝐾 components, which can be efficiently im-
plemented via batch operations and parallelization. Consequently,

Table 6: Running time (ms) comparison. MMF scales effi-

ciently with respect to both data size and the mask count.

Method S6 S7 S8 S9 S10

MMF (𝐾/𝐵 = 0.1) 1.118 1.129 1.163 1.195 1.264
MMF (𝐾/𝐵 = 0.2) 1.062 1.076 1.091 1.120 1.213
MMF (𝐾/𝐵 = 0.3) 1.174 1.200 1.221 1.288 1.295
MMF (𝐾/𝐵 = 0.4) 1.209 1.211 1.228 1.293 1.344
MMF (𝐾/𝐵 = 0.5) 1.223 1.218 1.231 1.206 1.301
MMF (𝐾/𝐵 = 0.6) 1.215 1.222 1.233 1.204 1.299
MMF (𝐾/𝐵 = 0.7) 1.215 1.229 1.237 1.285 1.295
MMF (𝐾/𝐵 = 0.8) 1.226 1.213 1.242 1.280 1.292
MMF (𝐾/𝐵 = 0.9) 1.242 1.232 1.240 1.270 1.274
MF-Bias 0.902 0.914 0.915 0.928 0.967
MF-Ridge 0.857 0.886 0.889 0.897 0.929
MF-SGD 0.529 0.592 0.594 0.605 0.682
SVD∗ 4.504 9.008 23.18 43.03 84.07

∗For SVD, the total running time is reported.

Table 7: Running time (sec) comparison on real-world bench-

marks. MMF attains markedly faster end-to-end training

time while maintaining comparable inference latency.

ML-100K ML-1M

Method Training Inference Training Inference

sRMGCNN [40] 46.969 0.0116 407.80 0.0221
GC-MC [56] 43.597 0.0071 384.26 0.0159

IGMC [65] 984.03 13.682 7467.8 54.861
IDCF-GC [60] 74.389 0.1016 876.45 4.0528
IMC-GAE [52] 58.942 0.0153 412.11 0.0312

MMF 15.158 0.0052 67.340 0.0448

MMF delivers substantially improved accuracy without incurring
prohibitive training overhead.

We further benchmark the end-to-end computational efficiency
of MMF against recent state-of-the-art matrix completion models
on the ML-100K and ML-1M datasets. We report both training time

and inference time: training time is measured as the total wall-clock
time required to train a model until convergence, and inference
time is measured as the wall-clock time of a single forward pass
over the test set. All runtimes are averaged over five independent
runs to reduce variance.

Table 7 shows that MMF achieves substantially shorter training
times than modern graph-based deep learning frameworks on both
datasets. This is consistent with their computational characteristics:
graph methods repeatedly perform message passing or neighbor-
hood propagation, whereas MMF retains bilinear MF computation
and adds only lightweight masking. Although some graph models
have comparable inference latency, their optimization overhead
remains much larger during training.

5.7 Expressivity Analysis

We provide empirical evidence that MMF increases effective ex-
pressivity in an adaptive manner predicted by our theory. Figure 6
visualizes the singular value spectra of the reconstructed matrices
𝑋 produced by SVD and MMF under a fixed parameter budget.

Standard SVD (rank 𝐵 = 80) exhibits a sharp spectral cutoff, con-
firming its expressivity is strictly bounded by the predefined budget.
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Figure 6: Singular value spectra for SVD vs. MMF under a

fixed budget 𝐵 = 80 (cyan line). (a) On random dense data,

MMF expands effective rank as 𝐾 increases. (b) On structured

heterogeneous data, the effective rank tends to saturate, sug-

gesting adaptation to the intrinsic block structure rather

than blind rank inflation.

In contrast, MMF (rank 𝐵 − 𝐾 with 𝐾 masks) yields a spectrum
where significant singular values extend well beyond the rank-𝐵
threshold (cyan line), confirming that the masked mixture mech-
anism allows the model to generate a high-rank approximation
using limited parameters. Crucially, the spectral expansion patterns
suggest that MMF adapts to the intrinsic complexity of the data. On
the unstructured random matrix S10, the effective rank increases
almost linearly with the mask count 𝐾 , indicating that additional
masks are used to model additional non-negligible modes. On the
block-diagonal matrix H6, the expansion is less aggressive and tends
to saturate, suggesting that MMF allocates sufficient capacity to the
underlying block subspaces rather than blindly inflating rank. This
contrast supports the view that MMF expands expressivity when
necessary while converging toward a compact structure when such
structure exists.

5.8 Identifiability Analysis

We validate the theoretical identifiability established in Theorem 2
by measuring factor stability on S10 and H6. We set 𝑅 = 40 and
𝐾 = 8 with Gaussian masks, fix the randomly initialized masks, and
train the model twice with different random seeds (𝐴 and 𝐵). To
compare the resulting left factors 𝑈 (𝐴) and 𝑈 (𝐵) , we compute the
similarity matrix 𝑆 ∈ [0, 1]𝑅×𝑅 :

𝑆𝑖 𝑗 =

���(𝑢 (𝐴)
𝑖

)⊤𝑢 (𝐵)
𝑗

���
∥𝑢 (𝐴)
𝑖

∥2∥𝑢 (𝐵)
𝑗

∥2
,

where 𝑢 (𝑋 )
𝑖

denotes the 𝑖-th column of𝑈 (𝑋 ) . A strongly diagonal 𝑆
indicates one-to-one correspondence between latent dimensions
across runs, up to column-wise scaling.

As shown in Figure 7, standard MF yields disordered correlation
maps due to rotational symmetry, whereas MMF exhibits sharp
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(a) Standard MF on S10
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(b) MMF on S10
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(c) Standard MF on H6
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(d) MMF on H6

Figure 7: Empirical verification of MMF’s identifiability via

cosine similarity between factors learned from two inde-

pendent runs. Standard MF exhibits scattered correlations,

whereas MMF shows strong diagonal alignment, indicating

more consistent latent dimensions across runs.

diagonal alignment. This confirms that instance-wise masking leads
to more reproducible and structurally stable latent factors than
conventional bilinear MF.

6 Conclusion

In this paper, we propose MMF, a principled generalization of MF
that resolves the bottleneck of rigid global sharing through adap-
tive instance-wise masked mixtures. By dynamically allocating
representational capacity, MMF achieves a strong balance between
parameter efficiency and expressivity, consistently outperforming
standard MF baselines in reconstruction and completion tasks while
also showing competitive Top-N recommendation performance.
Our theoretical analysis confirms that this masking mechanism not
only expands the effective rank but also enhances identifiability
by breaking rotational symmetry. Future directions include explor-
ing richer mask function families and extending the framework to
inductive settings to handle cold-start scenarios effectively.
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A Proof of Theorem 1

We use the following lemmas for the proof.

Lemma 3. Let 𝑓1, . . . , 𝑓𝐾 be real-analytic and linearly independent

on an open interval S ⊂ R. Then there exist 𝑡1, . . . , 𝑡𝐾 ∈ S such that

det
[
𝑓𝑘 (𝑡𝑝 )

]𝐾
𝑝,𝑘=1 ≠ 0.

Proof. Define the Wronskian𝑊 (𝑡) ≔ det
[
𝑓
(𝑝−1)
𝑘

(𝑡)
]𝐾
𝑝,𝑘=1. For

real-analytic functions, linear independence implies𝑊 . 0, hence
there exists 𝑡0 ∈ S with 𝑊 (𝑡0) ≠ 0 [55]. For small ℎ, set 𝑡𝑝 =

𝑡0 + (𝑝 − 1)ℎ ∈ S and consider

𝐷 (ℎ) ≔ det
[
𝑓𝑘 (𝑡0 + (𝑝 − 1)ℎ)

]𝐾
𝑝,𝑘=1 .

By analyticity, 𝐷 (ℎ) is analytic in ℎ. A Taylor expansion around 𝑡0
shows that the lowest-order nonzero term of𝐷 (ℎ) is proportional to
𝑊 (𝑡0) · ℎ𝐾 (𝐾−1)/2 (times a nonzero Vandermonde constant), hence
𝐷 (ℎ) . 0. Therefore, 𝐷 (ℎ) ≠ 0 for some sufficiently small ℎ, giving
the desired 𝑡1, . . . , 𝑡𝐾 . □

Lemma 4. Let Θ ⊂ R𝑛 be connected and open. If 𝑔 : Θ → R is

real-analytic and not identically zero, then {𝜃 ∈ Θ : 𝑔(𝜃 ) = 0} has
Lebesgue measure zero.

Proof. This is a standard fact from real-analytic geometry: a
nontrivial real-analytic function cannot vanish on a set with non-
empty interior [26, 38]; its zero set is contained in a countable union
of lower-dimensional analytic submanifolds, hence has Lebesgue
measure zero. □

We now present the proof of Theorem 1.

Proof. Let𝑑 ≔ min{𝐼 , 𝐽 , 𝐾𝑅}.We show that rank(𝑋 (𝜃 )) = 𝑑 for
Lebesgue-almost every parameter 𝜃 . The proof follows a standard
(existence) + (genericity) template:
(1) Existence. The goal of this step is to exhibit one parameter 𝜃0 for

which 𝑋 (𝜃0) is non-degenerate, namely, some 𝑑 × 𝑑 submatrix
of 𝑋 (𝜃0) has nonzero determinant. Once such a witness exists,
the generic claim follows immediately in Step 2.We construct 𝜃0
by selecting shifts that make appropriate submatrices invertible
via (C2) and Lemma 3 (full-column construction when 𝐾𝑅 ≤
min{𝐼 , 𝐽 }, and a block-matrix construction otherwise).

(2) Genericity. Step 1 yields 𝜃0 for which some 𝑑 × 𝑑 submatrix of
𝑋 (𝜃0) has nonzero determinant. Because this determinant is a
real-analytic function of 𝜃 under (C1), it can vanish only on a
Lebesgue-null set (Lemma 4). This leads to rank(𝑋 (𝜃 )) = 𝑑 for
almost all 𝜃 , which completes the proof.

Step 1: Existence of a parameter achieving rank 𝑑 . We first present
a concrete construction in the common case 𝐾𝑅 ≤ min{𝐼 , 𝐽 }; the
case 𝐾𝑅 > min{𝐼 , 𝐽 } follows by restricting to 𝑑 active columns.

[Case 1: 𝐾𝑅 ≤ min{𝐼 , 𝐽 }] In this regime, 𝑑 = 𝐾𝑅. Assume
without loss of generality that 𝐼 ≤ 𝐽 . Choose disjoint index sets
𝐺1, . . . ,𝐺𝑅 ⊂ [𝐼 ] with |𝐺𝑟 | = 𝐾 , and define 𝑆 ≔

⋃𝑅
𝑟=1𝐺𝑟 , so |𝑆 | =

𝐾𝑅. We construct a “block one-hot” base factor𝑈 ∈ R𝐼×𝑅 by

𝑈𝑖,𝑟 ≔ 1{𝑖 ∈ 𝐺𝑟 } =
{
1, 𝑖 ∈ 𝐺𝑟 ,
0, otherwise.

Fix 𝑟 ∈ [𝑅]. By condition (C2), the 𝐾 real-analytic functions 𝑠 ↦→
𝑓 𝑈1 (𝑟 ; 𝑠), . . . , 𝑓 𝑈

𝐾
(𝑟 ; 𝑠) are linearly independent onS. Then, applying

Lemma 3, we can choose 𝑡𝑟,1, . . . , 𝑡𝑟,𝐾 ∈ S such that the matrix

𝑊𝑟 ≔
[
𝑓 𝑈
𝑘
(𝑟 ; 𝑡𝑟,𝑝 )

]𝐾
𝑝,𝑘=1 ∈ R𝐾×𝐾

is invertible. Enumerate 𝐺𝑟 = {𝑖𝑟,1, . . . , 𝑖𝑟,𝐾 } and set 𝑠𝑈𝑖𝑟,𝑝 ≔ 𝑡𝑟,𝑝 for
all 𝑝 ∈ [𝐾] (shifts for 𝑖 ∉ 𝑆 can be arbitrary).

Now consider the 𝐾𝑅 × 𝐾𝑅 submatrix (𝑈cat)𝑆,:. For any 𝑖 ∈ 𝐺𝑟
and 𝑟 ′ ≠ 𝑟 , we have 𝑈𝑖,𝑟 ′ = 0, hence (𝑈 ⊙ 𝑀𝑈

𝑘
) (𝑖, 𝑟 ′) = 0 for all 𝑘 .

Thus, up to row/column permutations (grouping the selected rows
by 𝐺𝑟 and the concatenated columns by 𝑟 ), the matrix (𝑈cat)𝑆,: is
block-diagonal across 𝑟 . Here each “block” refers to the submatrix
indexed by the row group𝐺𝑟 and the corresponding column group.
Within the 𝑟 -th block, the (𝑝, 𝑘) entry equals

(𝑈 ⊙ 𝑀𝑈
𝑘
) (𝑖𝑟,𝑝 , 𝑟 ) =𝑈 (𝑖𝑟,𝑝 , 𝑟 )𝑀𝑈

𝑘
(𝑖𝑟,𝑝 , 𝑟 ) = 𝑓 𝑈𝑘 (𝑟 ; 𝑠𝑈𝑖𝑟,𝑝 ) = 𝑓

𝑈
𝑘
(𝑟 ; 𝑡𝑟,𝑝 ).

Consequently, after suitable permutations,

(𝑈cat)𝑆,: ∼ blockdiag(𝑊1, . . . ,𝑊𝑅),

which is invertible, so rank(𝑈cat) = 𝐾𝑅. By the symmetric construc-
tion, rank(𝑉cat) = 𝐾𝑅. Thus, rank(𝑋 ) = rank(𝑈cat𝑉

⊤
cat) = 𝐾𝑅.

[Case 2: 𝐾𝑅 > min{𝐼 , 𝐽 }]. In this regime, 𝑑 =min{𝐼 , 𝐽 }. Assume
without loss of generality that 𝐼 ≤ 𝐽 , so 𝑑 = 𝐼 . It suffices to construct
an 𝐼 × 𝐼 submatrix of 𝑋 with nonzero determinant.

Choose integers𝑚1, . . . ,𝑚𝑅 such that 0 ≤𝑚𝑟 ≤ 𝐾 and
∑𝑅
𝑟=1𝑚𝑟 =

𝐼 (existence holds since 𝐾𝑅 ≥ 𝐼 ). Pick disjoint sets 𝐺𝑟 ⊂ [𝐼 ] with
|𝐺𝑟 | =𝑚𝑟 and

⋃𝑅
𝑟=1𝐺𝑟 = [𝐼 ]. Define𝑈 ∈ R𝐼×𝑅 and 𝑉 ∈ R𝐽 ×𝑅 by

𝑈𝑖,𝑟 ≔ 1{𝑖 ∈ 𝐺𝑟 }, 𝑉𝑗,𝑟 ≔ 1{ 𝑗 ∈ 𝐺𝑟 } for 𝑗 ∈ [𝐼 ],

and set 𝑉𝑗,𝑟 = 0 for 𝑗 ∉ [𝐼 ]. Then for 𝑖 ∈ 𝐺𝑟 and 𝑗 ∈ 𝐺𝑟 ′ with 𝑟 ≠ 𝑟 ′,
we have 𝑈𝑖,𝑟 ′ = 0 and 𝑉𝑗,𝑟 = 0, so cross-component contributions
vanish on [𝐼 ] × [𝐼 ]. Hence, up to row/column permutations (group-
ing indices by 𝐺𝑟 ), the 𝐼 × 𝐼 submatrix 𝑋 [𝐼 ],[𝐼 ] is block-diagonal
across 𝑟 , with diagonal blocks

𝑋𝐺𝑟 ,𝐺𝑟 =
∑︁𝐾

𝑘=1

(
𝑈𝐺𝑟 ,𝑟 ⊙ (𝑀𝑈

𝑘
)𝐺𝑟 ,𝑟

) (
𝑉𝐺𝑟 ,𝑟 ⊙ (𝑀𝑉

𝑘
)𝐺𝑟 ,𝑟

)⊤
≕ 𝐴𝑟𝐵

⊤
𝑟 ,

where 𝐴𝑟 , 𝐵𝑟 ∈ R𝑚𝑟 ×𝐾 have entries (𝐴𝑟 )𝑝,𝑘 = 𝑓 𝑈
𝑘
(𝑟 ; 𝑠𝑈𝑖𝑟,𝑝 ) and

(𝐵𝑟 )𝑞,𝑘 = 𝑓 𝑉
𝑘
(𝑟 ; 𝑠𝑉

𝑖𝑟,𝑞
), with 𝐺𝑟 = {𝑖𝑟,1, . . . , 𝑖𝑟,𝑚𝑟 }.

It remains to choose shifts so that each 𝐴𝑟𝐵⊤𝑟 is invertible. By
(C2) and Lemma 3, we can select points 𝑡𝑟,1, . . . , 𝑡𝑟,𝐾 ∈ S such
that𝑊𝑈

𝑟 ≔
[
𝑓 𝑈
𝑘
(𝑟 ; 𝑡𝑟,𝑝 )

]𝐾
𝑝,𝑘=1 is invertible; similarly, we can select

𝜏𝑟,1, . . . , 𝜏𝑟,𝐾 ∈ S such that𝑊𝑉
𝑟 ≔

[
𝑓 𝑉
𝑘
(𝑟 ;𝜏𝑟,𝑞)

]𝐾
𝑞,𝑘=1 is invertible.

Define𝐶𝑟 ≔𝑊𝑈
𝑟 (𝑊𝑉

𝑟 )⊤ ∈ R𝐾×𝐾 . Since𝑊𝑈
𝑟 and𝑊𝑉

𝑟 are invertible,
so is 𝐶𝑟 , and thus rank(𝐶𝑟 ) = 𝐾 . Therefore, there exist index sets
𝑃𝑟 , 𝑄𝑟 ⊂ [𝐾] with |𝑃𝑟 | = |𝑄𝑟 | = 𝑚𝑟 such that det

(
(𝐶𝑟 )𝑃𝑟 ,𝑄𝑟

)
≠ 0.

Assign the shifts by

𝑠𝑈𝑖𝑟,𝑝 ≔ 𝑡𝑟,𝑃𝑟 (𝑝 ) , 𝑠𝑉𝑖𝑟,𝑞 ≔ 𝜏𝑟,𝑄𝑟 (𝑞) , 𝑝, 𝑞 ∈ [𝑚𝑟 ],

where 𝑃𝑟 (𝑝) (resp. 𝑄𝑟 (𝑞)) denotes the 𝑝-th (resp. 𝑞-th) element in
𝑃𝑟 (resp. 𝑄𝑟 ). With this choice, the resulting block satisfies 𝐴𝑟𝐵⊤𝑟 =

(𝐶𝑟 )𝑃𝑟 ,𝑄𝑟 , and hence is invertible. Thus, every diagonal block of
𝑋 [𝐼 ],[𝐼 ] is invertible, so det(𝑋 [𝐼 ],[𝐼 ]) ≠ 0. This implies rank(𝑋 ) ≥
𝐼 = 𝑑 , and since always rank(𝑋 ) ≤ 𝑑 , we conclude rank(𝑋 ) = 𝑑 .
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Step 2: Genericity via analytic determinants. Under (C1), each en-
try of𝑋 (𝜃 ) is real-analytic in 𝜃 , hence every𝑑×𝑑 submatrix determi-
nant is real-analytic. From Step 1, choose 𝜃0 with rank(𝑋 (𝜃0)) = 𝑑 .
Then there exist 𝑆 ⊂ [𝐼 ], 𝑇 ⊂ [𝐽 ] with |𝑆 | = |𝑇 | = 𝑑 such that

𝑔(𝜃0) ≔ det
(
𝑋𝑆,𝑇 (𝜃0)

)
≠ 0.

Here, wewrite𝑋𝑆,𝑇 for the |𝑆 |×|𝑇 | submatrix obtained by restricting
𝑋 to rows 𝑆 and columns 𝑇 . Define 𝑔(𝜃 ) ≔ det(𝑋𝑆,𝑇 (𝜃 )), which is
real-analytic and not identically zero. By Lemma 4, the set 𝑍 (𝑔) ≔
{𝜃 : 𝑔(𝜃 ) = 0} has measure zero. If rank(𝑋 (𝜃 )) < 𝑑 , then all 𝑑 × 𝑑
submatrix determinants vanish, in particular 𝑔(𝜃 ) = 0, hence

{𝜃 : rank(𝑋 (𝜃 )) < 𝑑} ⊆ 𝑍 (𝑔),

which has measure zero, so rank(𝑋 (𝜃 )) = 𝑑 for almost every 𝜃 . □

B Proof of Theorem 2

Proof. We show that 𝑋𝜃 (𝑄 (𝑡)) cannot stay constant along any
non-diagonal infinitesimal change of basis. More precisely, consider
any differentiable function𝑄 (𝑡) ∈ GL𝑅 with𝑄 (0) = 𝐼𝑅 . If 𝑋𝜃 (𝑄 (𝑡))
were constant for all small 𝑡 ≥ 0, then necessarily its derivative at
𝑡 = 0 must vanish. Thus, we proceed with the proof as follows:
(1) Linearization.Write 𝑄 (𝑡) = exp(𝑡𝐶) so that the tangent is 𝐶 =

𝑄 ′ (0). Then define the linear map L𝜃 (𝐶) = 𝑑
𝑑𝑡
𝑋𝜃 (exp(𝑡𝐶))

���
𝑡=0

.

Constancy of 𝑋𝜃 (𝑄 (𝑡)) implies L𝜃 (𝐶) = 0.
(2) Off-diagonal restriction. Diagonal 𝐷 corresponds to the unavoid-

able scaling symmetry 𝑈 ↦→ 𝑈𝐷, 𝑉 ↦→ 𝑉𝐷−1. Therefore, the
key is to show: for almost every 𝜃 ,

L𝜃 (𝐶) = 0 and diag(𝐶) = 0 =⇒ 𝐶 = 0.

Equivalently, we have to show that L𝜃 |𝔬𝔣𝔣 is an injective map,
where 𝔬𝔣𝔣 ⊂ R𝑅×𝑅 denotes the off-diagonal subspace.

(3) Matricization of L𝜃 . Choose an explicit basis of the off-diagonal
subspace 𝔬𝔣𝔣 and represent L𝜃 |𝔬𝔣𝔣 by a matrix 𝐿(𝜃 ). Then:

L𝜃 |𝔬𝔣𝔣 is injective ⇐⇒ 𝐿(𝜃 ) has full column rank.

(4) Generic injectivity. The non-degeneracy assumption says this
holds for at least one 𝜃0. Because entries of 𝐿(𝜃 ) are real-analytic
in 𝜃 , the set of 𝜃 where 𝐿(𝜃 ) fails to have full column rank has
Lebesgue measure zero.

Step 1: Linearization. Let 𝑄 (𝑡) be differentiable with 𝑄 (0) = 𝐼𝑅 .
Because we only care about the first-order behavior at 𝑡 = 0, we
may parameterize the function as

𝑄 (𝑡) = exp(𝑡𝐶) for some 𝐶 ∈ R𝑅×𝑅,

so that 𝑄 ′ (0) = 𝐶 [37]. Also, using 𝑑
𝑑𝑡
𝑄 (𝑡)−1

��
𝑡=0 = −𝐶 , we have

𝑑
𝑑𝑡
𝑄 (𝑡)−⊤

��
𝑡=0 = −𝐶⊤ . Recall that 𝑋𝜃 (𝑄) is obtained by applying

the change of basis (𝑈 ,𝑉 ) ↦→ (𝑈𝑄, 𝑉𝑄−⊤) inside the MMF recon-
struction. Differentiating 𝑋𝜃 (𝑄 (𝑡)) at 𝑡 = 0 and collecting terms
linear in 𝐶 , we define

L𝜃 (𝐶) ≔
𝑑

𝑑𝑡
𝑋𝜃 (𝑄 (𝑡))

����
𝑡=0

,

where explicitly

L𝜃 (𝐶) =
∑︁𝐾

𝑘=1

( (
(𝑈𝐶) ⊙ 𝑀𝑈

𝑘

)
𝑉⊤
𝑘

−𝑈𝑘
(
(𝑉𝐶⊤) ⊙ 𝑀𝑉

𝑘

)⊤)
.

Here 𝑑
𝑑𝑡
(𝑈𝑄 (𝑡)) |𝑡=0 = 𝑈𝐶 and 𝑑

𝑑𝑡
(𝑉𝑄 (𝑡)−⊤) |𝑡=0 = −𝑉𝐶⊤. This

indicates that if 𝑋𝜃 (𝑄 (𝑡)) is constant for all sufficiently small 𝑡 ,
then its derivative must vanish:

L𝜃 (𝐶) = 0.

Hence, any infinitesimal symmetry must lie in the kernel of L𝜃 .

Step 2: Off-diagonal restriction. Adiagonal transform corresponds
to coordinate-wise rescalings, which always preserve a bilinear
factorization. Thus, we aim to rule out off-diagonal infinitesimal
symmetries. Define the off-diagonal subspace

𝔬𝔣𝔣 ≔ {𝐶 ∈ R𝑅×𝑅 : diag(𝐶) = 0}.
Our goal is to show ker

(
L𝜃 |𝔬𝔣𝔣

)
= {0} for Lebesgue-almost every 𝜃 .

Since L𝜃 is linear in 𝐶 , the following are equivalent:

L𝜃 |𝔬𝔣𝔣 is injective ⇐⇒
(
∀𝐶 ∈ 𝔬𝔣𝔣, L𝜃 (𝐶) = 0 ⇒ 𝐶 = 0

)
⇐⇒ ker

(
L𝜃 |𝔬𝔣𝔣

)
= {0}.

Step 3: Matricization of L𝜃 . We now represent L𝜃 |𝔬𝔣𝔣 as a matrix.
For 𝑝 ≠ 𝑞, let 𝐸𝑝,𝑞 ∈ R𝑅×𝑅 be the matrix with (𝐸𝑝,𝑞)𝑝,𝑞 = 1 and all
other entries 0. Then, the set

{𝐸𝑝,𝑞 : 1 ≤ 𝑝, 𝑞 ≤ 𝑅, 𝑝 ≠ 𝑞}
is a concrete basis of 𝔬𝔣𝔣, and dim(𝔬𝔣𝔣) = 𝑅(𝑅 − 1).

Define the coordinate map vec𝔬𝔣𝔣 : 𝔬𝔣𝔣 → R𝑅 (𝑅−1) by

𝐶 =
∑︁

𝑝≠𝑞
𝑐𝑝,𝑞𝐸𝑝,𝑞 ↦→ vec𝔬𝔣𝔣 (𝐶) = (𝑐1,2, 𝑐1,3, . . . , 𝑐𝑅,𝑅−1)⊤,

in any fixed ordering of pairs (𝑝, 𝑞) with 𝑝 ≠ 𝑞. Also vectorize the
output R𝐼× 𝐽 as vec(·) ∈ R𝐼 𝐽 . Then, because L𝜃 is linear, there exists
a matrix 𝐿(𝜃 ) ∈ R𝐼 𝐽 ×𝑅 (𝑅−1) such that for all 𝐶 ∈ 𝔬𝔣𝔣,

vec
(
L𝜃 (𝐶)

)
= 𝐿(𝜃 ) vec𝔬𝔣𝔣 (𝐶) .

Note that a linear map 𝑥 ↦→ 𝐴𝑥 is injective iff the null space of 𝐴 is
trivial. This is equivalent to𝐴 having linearly independent columns.
Hence, it follows that

L𝜃 |𝔬𝔣𝔣 is injective ⇐⇒ 𝐿(𝜃 ) has full column rank.

Step 4: Generic injectivity. By the real-analytic parameterization
assumption, every entry of 𝐿(𝜃 ) is a real-analytic function of 𝜃 . The
non-degeneracy premise says that there exists 𝜃0 such that L𝜃0 is
injective on 𝔬𝔣𝔣, equivalently 𝐿(𝜃0) has full column rank.

Thus, among the rows of 𝐿(𝜃 ), we can select 𝑅(𝑅 − 1) rows
so that the resulting square submatrix has nonzero determinant.
Concretely, there exists a choice of 𝑅(𝑅 − 1) row indices I ⊂ [𝐼 𝐽 ]
such that the square matrix 𝐿I (𝜃 ) ∈ R𝑅 (𝑅−1)×𝑅 (𝑅−1) (obtained by
taking rows I) satisfies

𝑔(𝜃 ) ≔ det
(
𝐿I (𝜃 )

)
, 𝑔(𝜃0) ≠ 0.

Because determinants are polynomial expressions of matrix entries,
𝑔(𝜃 ) is real-analytic in 𝜃 . Moreover𝑔 . 0 since𝑔(𝜃0) ≠ 0. Therefore,
by Lemma 4, the zero set {𝜃 : 𝑔(𝜃 ) = 0} has Lebesgue measure
zero. Hence, for Lebesgue-almost every 𝜃 , we have 𝑔(𝜃 ) ≠ 0, which
implies 𝐿I (𝜃 ) is invertible, so 𝐿(𝜃 ) has full column rank and L𝜃 |𝔬𝔣𝔣
is injective.

Consequently, for almost every 𝜃 , the conditionL𝜃 (𝐶) = 0 forces
𝐶 ∈ 𝔬𝔣𝔣 to be zero. Therefore, 𝐶 = 𝑄 ′ (0) must be diagonal. This
proves that MMF admits no infinitesimal non-diagonal rotations
for Lebesgue-almost every 𝜃 . □
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