
PuzzleTensor: 
A Method-Agnostic Data Transformation for 

Compact Tensor Factorization

Yong-chan Park, Kisoo Kim, and U Kang
Data Mining Lab

Dept. of CSE

Seoul National University

KDD 2025



 Introduction

 Preliminaries

 Proposed Method

 Experiments

 Conclusion

Outline

Yong-chan Park (SNU) 2



  Fundamental tool for numerous applications
 Recommender systems

 Topic modeling

 Hyperspectral imaging

 Chemometrics

≈

Tensor Decomposition
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 Rank-Error Trade-off
 A lower target rank in tensor decompositions enables a 

more compressed representation of the tensor

 However, this often comes at the cost of reduced accuracy, 
since real-world tensors rarely conform to the strict low-
rank assumptions

Tensor Decomposition

≈ ≈

Rank ↓
Error ↑

Rank ↑
Error ↓
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 Key Insight
 The rank of a tensor is closely tied to how its slices and 

modes are spatially arranged

Motivation
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 PuzzleTensor
 PuzzleTensor “solves the puzzle” to achieve accurate 

decompositions with significantly lower target ranks 

Motivation
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 Tensor Compression
 Given 

 a 𝐷-dimensional tensor 𝒳 ∈ ℝ𝑁1×⋯×𝑁𝐷

 Compress 
 the tensor 𝒳 to get 𝒜

 to Minimize 
 (1) the size of 𝒜

 (2) the reconstruction error 𝒳 − ෡𝒳
𝐹

, where ෡𝒳 is the 

tensor reconstructed from 𝒜

Problem Definition
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 CANDECOMP/PARAFAC (CP) Decomposition
 It factorizes an 𝑛-mode tensor 𝒳 ∈ ℝ𝐼1×⋯×𝐼𝑛  into a sum of 

rank-1 tensors:

                𝒳 ≈ σ𝑟=1
𝑅 𝒂𝑟

(1)
∘ 𝒂𝑟

(2)
∘ ⋯ ∘ 𝒂𝑟

(𝑛)

 𝑅 is the rank, 𝒂𝑟
(𝑘)

∈ ℝ𝐼𝑘  are the factor vectors for mode 𝑘, 
and ∘ denotes the outer product

CP Decomposition

≈
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 Tucker Decomposition
 It generalizes CP by using a core tensor 𝒢 ∈ ℝ𝑅1×⋯×𝑅𝑛 and 

factor matrices 𝑼(𝑘) ∈ ℝ𝐼𝑘×𝑅𝑘:

                𝒳 ≈ 𝒢 ×1 𝑼 1 ×2 𝑼(2) ⋯ ×𝑛 𝑼(𝑛)

 ×𝑘 denotes the mode-𝑘 product between a tensor and a 
matrix

Tucker Decomposition
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≈

𝑼(1)

𝒳
𝑼(2)

𝑼(3)

𝒢



 Tensor-Train (TT) Decomposition
 It represents an 𝑛-mode tensor 𝒳 ∈ ℝ𝐼1×⋯×𝐼𝑛  as a chain of 

3D tensors (cores) 𝒢(𝑘) ∈ ℝ𝑅𝑘−1×𝑅𝑘×𝐼𝑘:

 𝒳 𝑖1, 𝑖2, … , 𝑖𝑛 ≈ 𝒢 1 : , : , 𝑖1 ⋅ 𝒢 2 : , : , 𝑖2 ⋯ 𝒢 𝑛 : , : , 𝑖𝑛

 where 𝑅0 = 𝑅𝑛 = 1

Tensor-Train Decomposition
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≈𝒳 × ×

𝒢(1) 𝒢(2) 𝒢(3)

𝒳(1,3,1)

𝑖1

𝑖2

𝑖3

𝒢 1 (: , : , 1) 𝒢 2 (: , : , 3) 𝒢 3 (: , : , 1)



 Discrete Fourier Transform (DFT)
 For an 𝑛-mode tensor 𝒳 ∈ ℝ𝐼1×⋯×𝐼𝑛, the 𝑛-dimensional 

DFT ෡𝒳(𝑗1, … , 𝑗𝑛) is defined as follows:

                                  σ𝑖1=0
𝐼1−1

⋯ σ
𝑖𝑛=0
𝐼𝑛−1

𝒳 𝑖1, … , 𝑖𝑛 𝑒
−2𝜋𝑖

𝑖1𝑗1
𝐼1

 + ⋯ +
𝑖𝑛𝑗𝑛

𝐼𝑛  

 where 𝑖 = −1

 It maps the time (or spatial) domain sequence to its 
frequency-domain representation, facilitating signal 
analysis through well-established spectral methods

Discrete Fourier Transform
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 Overview
 Given a 𝐷-mode tensor 𝒳, PuzzleTensor shifts each hyperslice:

 Shift 𝒳 ≔ Shiftaxis=𝐷 ∘ Shiftaxis=𝐷−1 ∘ ⋯ ∘ Shiftaxis=1 𝒳

 𝐏𝐮𝐳𝐳𝐥𝐞𝐓𝐞𝐧𝐬𝐨𝐫 𝒳 ≔ Shift ∘ ⋯ ∘ Shift(𝒳)  (iterated 𝐿 times)

PuzzleTensor
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 Challenges
 C-1. Learning the discrete shift operation

 Shifting hyperslices of a tensor along specific axes is inherently a 
discrete operation, which poses a significant challenge for 
gradient-based optimization

 C-2. Transforming a tensor into a low-rank structure
 Directly computing the rank of a tensor is an NP-hard problem, 

making this task computationally infeasible

 C-3. Scalability for large-scale tensors
 For extremely large tensors, directly learning shifts becomes 

computationally prohibitive

PuzzleTensor
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 Ideas
 I-1. Fourier-based shift operation

 We exploit the properties of the Fourier transform, which allows 
us to treat discrete shifts as continuous transformations in the 
frequency domain

 I-2. Optimization for low-rank structures
 We propose an objective function grounded in a matricized 

representation of the tensor, designed to capture essential low-
rank characteristics

 I-3. Sub-block shifting
 The input tensor is partitioned into smaller sub-blocks, and the 

shift operation is independently applied to each block

PuzzleTensor

Yong-chan Park (SNU) 16



 I-1. Fourier-based shift operation
 Motivation

 ① Discrete Fourier transform (DFT)
 ② Hadamard product
 ③ Inverse DFT

 This property generalizes naturally to real-valued shifts ℎ ∈ ℝ

PuzzleTensor

Spatial domain                     Frequency domain

𝑥(𝑛 + ℎ)  ො𝑥 𝑚 × 𝑒2𝜋𝑖𝑚ℎ/𝑁

𝑥(𝑛)   ො𝑥(𝑚)
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②

①

③

𝒙 ∈ ℂ𝑁: input data
ෝ𝒙 ∈ ℂ𝑁: DFT of 𝒙
ℎ ∈ ℤ: integer shift



 I-1. Fourier-based shift operation

PuzzleTensor
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Shiftaxis=𝑘(𝒳) = ໄ

1≤𝑖𝑘≤𝐼𝑘

ℱ𝐷−1
−1 ໆ

𝑗≠𝑘

𝝓𝐼𝑗, ℎ𝑘,𝑗 𝑖𝑘
∗ ℱ𝐷−1 𝒳𝑖𝑘

𝒳𝑖𝑘
∈ ℝ𝐼1×⋯×𝐼𝑘−1×𝐼𝑘+1×⋯×𝐼𝐷: (𝐷 − 1)-dimensional hyperslice with fixing the index 𝑖𝑘 along mode 𝑘

ℱ𝐷−1: (𝐷 − 1)-dimensional discrete Fourier transform

𝝓𝐼𝑗, ℎ𝑘,𝑗(𝑖𝑘) ∈ ℂ𝐼𝑗: conjugate-symmetric phase vector with learnable shift parameter ℎ𝑘,𝑗(𝑖𝑘)

ℎ𝑘,𝑗 𝑖𝑘 ∈ ℝ: shift amount along mode 𝑗 for the slice indexed by 𝑖𝑘

⊕: tensor concatenation
⊗: outer product
∗: Hadamard product



 I-2. Optimization for low-rank structures
 Loss function

PuzzleTensor
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ℒ = ෍

1≤𝑘≤𝐷

1

𝐼𝑘

‖𝑍(𝑘)‖∗

𝐷: dimension of input tensor
𝐼𝑘: size of the 𝑘-mode
‖ ⋅ ‖∗: nuclear norm

𝑍(𝑘) ∈ ℝ𝐼𝑘×Π𝑗≠𝑘𝐼𝑗: 𝑘-mode matricization of the transformed tensor

𝒳 𝒵

ℒ



 I-2. Optimization for low-rank structures
 Theoretical analysis

 Minimizing the nuclear norm of each matricized view of the 
tensor induces sparsity in the core tensor of the corresponding 
higher-order singular value decomposition (HOSVD)

PuzzleTensor
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Theorem. Let 𝒮 ∈ ℝ𝐼1×⋯×𝐼𝐷 be the core tensor of  the HOSVD 

of the transformed tensor 𝒵 and 1 ≤ 𝑘 ≤ 𝐷. Then, for sufficiently 

large 𝐼1 ⋯ 𝐼𝑘−1𝐼𝑘+1 ⋯ 𝐼𝐷, we have the asymptotic equality

E[ ‖𝑣𝑒𝑐 𝒮 1  ~ ‖𝑍 𝑘 ‖∗

2

𝜋
𝐼1 ⋯ 𝐼𝑘−1𝐼𝑘+1 ⋯ 𝐼𝐷 



 I-3. Sub-block shifting

PuzzleTensor
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𝒳(𝒃) = 𝒳 𝑛1, … , 𝑛𝐷 ∶ 𝑝𝑘,𝑏𝑘−1 + 1 ≤ 𝑛𝑘 ≤ 𝑝𝑘,𝑏𝑘
 𝑘 = 1, … , 𝐷

𝒳 ∈ ℝ𝐼1×⋯×𝐼𝐷: 𝐷-mode input tensor
𝐵𝑘: number of blocks with respect to mode 𝑘
𝒃 = 𝑏1, … , 𝑏𝐷 : sub-block index with 𝑏𝑘 ∈ {1, … , 𝐵𝑘}

0 = 𝑝𝑘,0 < 𝑝𝑘,1 < ⋯ < 𝑝𝑘,𝐵𝑘−1 < 𝑝𝑘,𝐵𝑘
= 𝐼𝑘  (𝑘 = 1, … , 𝐷)

𝒳(1,1,1) 𝒳(1,1,2)

⋯𝒳 𝒳 𝒳

𝒳(2,2,2)

Parallel processing



 Introduction

 Preliminaries

 Proposed Method

 Experiments

 Conclusion

Outline

Yong-chan Park (SNU) 22



 Q1. Performance
 How accurately does PuzzleTensor reconstruct tensor data 

compared to baselines?

 Q2. Scalability
 How does PuzzleTensor scale with increasing input size?

 Q3. Ablation study
 How do different design choices (number of shift layers 

and block size) affect performance?

Experiments
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 Dataset
 We use both synthetic and real-world datasets

 Measure
 Reconstruction error: 𝒳 − 𝒴 𝐹/‖𝒳‖𝐹  (lower is better)

 𝒳: input tensor
 𝒴: reconstruction from factors 
 || ⋅ ||𝐹: Frobenius norm

Experiments
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 Q1. Performance
 Each decomposition method benefits from PuzzleTensor 

Experiments
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Reconstruction errors (lower is better; best within each pair is highlighted)



 Q2. Scalability
 Running time of CP, Tucker, 

and TT decompositions with 
and without PuzzleTensor

 The additional shift 
operations by PuzzleTensor 
do not significantly impact 
computational cost 

Experiments
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 Q3. Ablation study
 Reconstruction errors at varying numbers of layers

 Even a single layer of PuzzleTensor yields a notable improvement

 Effect of the block size
 Increasing the block size enhances computational efficiency while 

causing only a minor decrease in accuracy

Experiments
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 PuzzleTensor
 Leverages hyperslice shifts to achieve compact tensor 

factorization

 Main ideas
 Learning the discrete shift using Fourier-based operation
 Minimizing rank via a novel objective function based on a 

matricized representation of a tensor
 Reducing runtime with sub-block decomposition

 Experiments
 PuzzleTensor consistently outperforms baselines

Conclusion
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THANK YOU!
https://github.com/snudatalab/PuzzleTensor
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